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Abstract 

The energy effectiveness of the multistage gear differential in the device for speed change by carrier has 

been investigated with the determination of the efficiency. Considering complexity of the problem, the 

analytical methods of efficiency determining for two- and three-stage differential gears have been obtained 

and proposed using the potential power method, when the driving link is the first-stage sun gear, the driven 

link is the ring gear of the last stage or vice versa, and the links of the speed change control are the carriers of 

the individual stages. With the help of computer modeling of analytical expressions, graphical dependences of 

efficiency from the ratio of the multistage differential gear and the angular velocity of the control link - the 

carrier, have been obtained. The results obtained have practical application for the design of new devices by 

means of energy effectiveness, allow to evaluate the operation of multistage differential gears from the point 

of view of self-breaking and are of assistance for further research. 
 

Keywords: energy effectiveness, efficiency, multi-stage differential gear, speed change device, sun gear,  
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1. ACTUALITY AND STATEMENT OF THE 

PROBLEM  

 

During the implementation of technological 

operations by the hoisting-transport, building, road, 

land reclamation, agricultural, mining and other 

machines, cars and tractors, metalworking 

machines, water and air crafts and other devices, 

the need arises to control the process of changing 

the speed of their working organ to ensure the 

specified technological processes. In order to 

change the speed in modern machinery, methods 

and devices are widely used in the form of stepped, 

stepless or combined gear boxes. Existing speed 

management methods and devices have many 

shortcomings. The main disadvantages of stepped 

speed control are the complexity of the design and 

automatization of these devices, their large material 

capacity, large dynamic loads that arise when 

shifting from one speed to another, even in 

synchromesh gear-boxes. In stepless speed control 

there is a great deal of wear of the drive elements 

due to the use of friction brakes and locking friction 

clutches. As a result, the durability and reliability of 

drive elements and machines in general decreases. 

Therefore, there is a problem of creating new speed 

change management methods and devices that 

eliminate these shortcomings. The proposed new 

methods and devices for speed changes control are 

based on multistage differential gears with closed 

circuit hydrosystems. This requires their kinematic, 

power and energy research. All the machinery 

mentioned at the beginning are a potential example 

for the use of such devices. 
 

2. ANALYSIS OF RECENT RESEARCH AND 

PUBLICATIONS  

 

The problem of developing new devices for the 

speed change is obvious and is a subject of special 

interest of world scientists. In [1], the theoretical 

effectiveness formulas for the two-stage 

differential gear transmission were obtained and 

verified by experimental studies. The design of a 

bi-planetary transmission was presented in [2], 

with the calculations of the kinematics, statics and 

efficiency of gearing. Omitted from the calculation 

are the geometry and strength of gears, shafts and 

rolling bearings, as these are recognized as being 

typical design calculations. On the basis of the 

torque, power balance equations and force analysis 

of the basic members, the power distributions of a 

2K-H multistage micro-planetary gear reducer are 

analyzed in [3]. In [4], authors suggest an 

algorithm to resolve the problem of degenerate 

planetary gear train detection, automated by an 

interactive computer program. The algorithm is 

applicable for transmissions with any number of 

degree of freedoms. A new method to calculate 

gear kinematic and power parameters was 

proposed in [5], based on hypergraph and matrix 

operation. PE computation is carried out by 
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following the power flow, and power loss equations 

on each node are derived via an approach based on 

self-rotation relative power. In [6], a joint analysis 

was held of the efficiency ranges and the 

transmission coefficient of planetary transmissions, 

which can be achieved by any possible constructive 

solutions. The results of dynamical model verifying 

for the drive with a gearbox, that was conducted on 

a real object in different operating conditions and 

stimulation studies to determine the suitability of 

the model, but without taking into account the 

energy efficiency, were given in [7]. The 

performance efficiency of complex gear 

transmissions is investigated in [8], on the basis of 

graphic and screw theories, which allow obtaining 

approximate values. In [9], the reduction in the 

construction cost of many high-speed planetary 

gear trains based on system synthesis is justified 

taking into account such requirements as the gear 

ratio, performance efficiency, planarity of the 

mechanism and one shifting, for heavy goods 

vehicles. The attention was drawn in [10] to the full 

understanding of the basic mechanics of planetary 

transmissions and the evaluation of their 

mechanical efficiency, and it is concluded that for 

the same input and output units power loss has a 

peculiar mathematical expression for each actual 

sequence of angular velocities. In [11] the reasons 

that hinder the application of smoothly controlled 

planetary transmission, due to the structural 

complexity of ratio control device and variants to 

simplify it described, and in [12], attention was 

drawn to the fact that planetary transmissions are 

used in the industry for many benefits, which 

include high torque, increased efficiency and a very 

compact drive, and as made of gears – the failure of 

one link affects the whole transmission, so you 

need to know the reasons. The average performance 

of an internal combustion engine is evaluated on 

models with a stepped and stepless gearbox in [13], 

and in particular, article indicates that the 

architecture with transmissions based on the 

planetary train sets allows the engine to operate in 

optimal conditions. In [14], a composite power 

losses model in geared transmissions was 

developed and a study of the influence of the design 

parameters of planetary gear trains, bearings and 

lubrication properties on productivity was carried 

out. 

The analysis of the problem shows that it is 

more rational to use differential gears, which are 

widely described in classical literature for example, 

[15-17], that consider  the structure, synthesis and 

analysis, kinematic and power issues of planetary 

type gear transmissions. Periodical technical 

literature [18-21] has proposed a new stepless 

method for speed changes control by the single-

stage differential gears with closed circuit 

hydrosystems and its kinematics research. In [18], 

the current state of the methods and devices for the 

speed change process controlling in technology has 

been analyzed, a new method of continuously 

variable speed changes control using differential 

gear transmissions with a closed circuit 

hydrosystems has been proposed, and a new 

classification given. A new method of 

continuously variable speed changes control using 

differential gears with a closed circuit 

hydrosystems has been described, for cases when 

the control link is either a sun gear, or a carrier, or 

a ring gear. In [19], the process of controlling 

changes in speed through a differential gear with a 

closed circuit hydrosystem has been considered, 

when the sun gear is the driving link and the 

carrier is driven or vice versa, and the control link 

is the ring gear. With the help of computer 

simulation graphical dependencies has been 

obtained between the speeds of the driving, 

controlling and driven links. 

In [20], the process of controlling changes in 

speed through a two-planets set differential gear 

with a closed circuit hydrosystem has been 

considered, when the control link is either the ring 

gear, or the carrier, or the sun gear. For each case, 

graphical dependencies has been obtained between 

the speeds of the driving, controlling and driven 

links by means of computer programming. To 

extend the range of speed changes in machine 

drives, it has been proposed to use multistage 

differential gears consisting of two or more 

connected stages. At scientific and technical 

conferences, symposiums and other scientific 

discussions, questions are often asked about the 

performance efficiency coefficient (PE) of such 

transmissions to assess their energy efficiency, 

depending on the gear ratio, the speed of the 

control link and the number of stages. The purpose 

of the work is to conduct a theoretical-computer 

study of energy effectiveness of new devices by 

determining their performance efficiency 

coefficient. The object of research includes 

multistage differential gears of speed change 

devices with closed circuit hydrosystems. In this 

case, the driving link is the sun gear of the first 

stage, the driven – is the ring gear of the last stage, 

or vice versa, and the control links are the carriers 

of the individual stages. It is supposed with the 

help of computer modeling of analytical 

expressions to obtain graphical dependences of the 

PE from the ratio of the multistage differential 

gear and the angular speed of the control link - the 

carrier and to develop their practical application. 

 

3. STATEMENT OF THE MAIN MATERIAL  

 

The Fig. 1 shows a multistage (i = 1, 2, 3, ..., n) 

differential gear in which the first stage ring gear 

3(1) is connected to a second-stage sun gear 1(2), the 

second stage ring gear 3(2) is connected to the third 

stage sun gear 1(3), ..., the (n–1)-stage ring gear 3(n-

1) is connected to the n-stage sun gear 1(n), and 

speed control is carried out by the carriers of the 

first 4(1), the second 4(2), the third 4(3), ..., and the n-

th 4(n) stages with the help of the closed circuit 
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hydrosystems 6(1), 6(2), 6(3), ..., 6(n), installed 

respectively. Closed circuit hydrosystems 6(1), 6(2), 

6(3), …, 6(n) of the same structure are placed on the 

body 5 and connected to the carriers 4(1), 4(2), 4(3), 

..., 4(n) through gearings 7(1), 7(2), 7(3), ..., 7(n).  

 

 

Fig. 1. Scheme of a multistage differential gear 

with closed circuit hydrosystems with speed 

control by the carriers and driving sun gear  

 

The closed circuit hydrosystem and its operation 

is fully described in [18] and consists of a gear 

pump, pipelines, regulating throttle, reverse valve 

and a liquid container. When regulating throttle is 

open, then the carrier rotates, the fluid is pumped in 

a closed circuit hydrosystem. In the case when 

regulating throttle is closed – the carrier stops, and 

the liquid is not pumped in the hydrosystem, 

because it is closed. Therefore, speed change 

control is carried out by the regulating throttle and 

the liquid which moves in a closed circuit 

hydrosystem. 

The driving link of this multistage differential 

gear is the first-stage sun gear 1(1), and the driven 

link is the ring gear 3(n) of the n-th stage. 

Expressions of the relationship between the speeds 

of the driven link (the ring gear 3(n)) ωout and the 

driving link (sun gear 1(1)) ωin  have been obtained 

in [21]. 

There, the transmission efficiency 
)(3)1(1 п  is 

described by the expression:  

)(13)3(13)2(13)1(13)(13)1(13 nп  
 (1) 

where 
)(13 n  – efficiency of the n-th stage.  

According to [12], the efficiency of the 

individual stages is determined by: 
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where 
)(1 n  – the angular velocities of the sun 

gears of the n-th stage;  

)(4 n  – the angular velocities of the carriers of the 

n-th stage;  

)4(
)(13 nu  – transmissions gear ratios with a stopped 

carrier of the n-th stage;  
)4(

)(13 n  – efficiency transmissions gear ratios with 

a stopped carrier of the n-th stage. 

Fig. 2 shows a multistage (i = 1, 2, 3, ..., n) 

differential gear with driving link – ring gear of the 

first stage and the driven – the sun gear of the last 

stage. Here the first stage sun gear 1(1) is connected 

to a second-stage ring gear 3(2), the second stage 

sun gear 1(2) is connected to the third stage ring 

gear 3(3), ..., the (n–1)-stage sun gear 1(n-1) is 

connected to the n-stage ring gear 3(n), and speed 

control is carried out by the carriers of the first 4(1), 

the second 4(2), the third 4(3), ..., and the n-th 4(n) 

stages with the help of the closed circuit 

hydrosystems 6(1), 6(2), 6(3), ..., 6(n), installed 

respectively. Closed circuit hydrosystems 6(1), 6(2), 

6(3), …, 6(n) of the same structure are placed on the 

body 5 and connected to the carriers 4(1), 4(2), 4(3), 

..., 4(n) through gearings 7(1), 7(2), 7(3), ..., 7(n). 

 

 
Fig. 2. Scheme of a multistage differential gear 

with closed circuit hydrosystems with speed 

control by the carriers and driving ring gear 
 

The expression of efficiency 
)(1)1(3 п of trans-

mission (Fig. 2) has the form:  

)(31)3(31)2(31)1(31)(31)1(31 nп  
,  (6) 

where 
)(31 n  – efficiency of the n-th stage.  

The efficiency of the individual stages, 

according to [12], will be: 
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where 
)(3 n  – the angular velocities of the ring 

gears of the n-th stage;  

)(4 n  – the angular velocities of the carriers of the 

n-th stage;  
)4(

)(13 nu  – transmissions gear ratios with a stopped 

carrier of the n-th stage;  
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)4(
)(31 n  – efficiency transmissions gear ratios with a 

stopped carrier of the n-th stage. 

Considering the complexity of the problem, a 

theoretical computer study of the efficiency of a 

multistage differential gear in a speed change 

device with closed circuit hydrosystems is 

performed here, using examples of two- and three-

stage gears. 

Fig. 3 shows a two-stage differential gear in 

which the first stage ring gear 3(1) is connected to a 

second-stage sun gear 1(2), and speed control is 

carried out by the carriers of the first 4(1) and the 

second 4(2) stages with the help of the closed circuit 

hydrosystems 6(1), 6(2). 

 
Fig. 3. Scheme of a two-stage differential gear 

with closed circuit hydrosystems with speed 

control by the carriers and driving sun gear 

 

The driving link of this two-stage differential 

gear is the first-stage sun gear 1(1), and the driven 

link is the second-stage ring gear 3(2). Relationship 

between the speeds of the driven link (the ring gear 

3(2)) ωout and the driving link (sun gear 1(1)) ωin  

have been obtained in [21]. Here, ω4(1) and ω4(2) – 

velocities of the carriers, respectively, of the first 

4(1) and the second 4(2) stages, which vary due to the 

closed circuit hydrosystems 6(1) and 6(2). 

The expression for the efficiency 
13  of such 

transmission is: 

)2(13)1(1313   .  (11) 

The efficiency of the individual stages, 

according to [12], will be: 
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If we assume that 
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insert it in (7), and substitute the values (6) and (7) 

in (5), we obtain the expression for determining the 

efficiency of the two-stage differential gear in the 

device for speed change by the carrier when the 

driving sun gear, and the driven ring gear 
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In order to carry out a quantitative analysis of 

the efficiency change, expression (15) has been 

programmed on computer for such parameters:  

- the angular velocity of the driving link - the 

sun gear srad /300;150;100;75)1(1  ;  

- the gear ratios of the stages with stopped 

carrier are equal and change in a range 

10...0,1
)4(

)2(13
)4(

)1(13  uu ;  

- angular speed of control links – carriers are 

srad /50...0)2(4)1(4  ; 

- efficiency of gears with stopped carrier 

97,0
)4(

)2(13
)4(

)1(13  .  

For these data, graphical dependences of the 

efficiency have been built, some of them are 

shown in Fig. 4. 

 
Fig. 4. The graphs of the efficiency change in a 

two-stage differential gear with the driving sun gear 

and the driven ring gear of the second stage, 

depending on the ratio and speed of the control link 

- the carrier 

 

One of many possible potential models for 

speed change control device based on fig. 3 – a 

two-stage differential gear with closed circuit 

hydrosystems and control through the carrier is 

shown in Fig. 5. 

 
Fig. 5. Model for device with a two-stage 

differential gear with closed circuit 

hydrosystems and control through the carrier 

 

Such speed change devices can be modeled for 

the place of their application with the help of 

computer 3-D modeling in a plurality of variants 

and choose the optimal one for which to carry out 

design and construction. For example, for a given 

model, the mount is shown using a lower belt, but 
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there may be a top, side or flange mount. It depends 

on the case. 

Now let’s take the first-stage ring gear 3(1) of the 

two-stage differential gear as a driving link, and the 

second-stage sun gear 1(2) will be driven. Here the 

solar gear 1(1) is connected to the ring gear 3(2), and 

the speed control links are the carriers 4(1) and 4(2). 

The expression of efficiency 
31  of transmission 

(Fig. 6) is: 

)2(31)1(3131     (16) 
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Fig. 6. Scheme of a two-stage differential gear 

with closed circuit hydrosystems with speed 

control by the carriers and driving ring gear 

 

If we assume that 
)4(

)1(13)1(3
)4(

)1(13)1(4)1(1)2(3 )1( uu   , (19) 

insert it in (12), and substitute the values (11) and 

(12) in (10), we obtain the expression for 

determining the efficiency of the two-stage 

differential gear in the device for speed change by 

the carrier when the driving ring gear, and the 

driven sun gear: 
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For convenience, the results for the efficiency of 

the two-stage gear differential from the ring gear to 

the sun gear, the formula (20) has been 

programmed using the previous numerical values. 

The results are shown in Fig. 7. 

 

 
Fig. 7. The graphs of the efficiency change in a two-

stage differential gear with the driving ring gear and 

the driven sun gear of the second stage, depending 

on the ratio and speed of the control link - the carrier 

Fig. 8 shows a three-stage differential gear. It is 

built so that the first stage ring gear 3(1) is 

connected to a second-stage sun gear 1(2). The 

second stage ring gear 3(2) is connected to the third 

stage sun gear 1(3). Speed control is carried out by 

the carriers of the first 4(1), the second 4(2) and the 

third 4(3) stages with the help of the closed circuit 

hydrosystems 6(1), 6(2), 6(3). Consider the case 

where the driving link of this three-stage 

differential gear is the first-stage sun gear 1(1), and 

the driven link is the third-stage ring gear 3(2). 

 

 

Fig. 8. Scheme of a three-stage differential gear 

with closed circuit hydrosystems with speed 

control by the carriers and driving sun gear 

 

The expression for the efficiency 
13 of such 

trans-mission is: 

)3(13)2(13)1(1313   .  (21) 

The efficiency of individual stages can be 

determined: 
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If we assume that  

)4(
)1(13

)1(1
)4(

)1(13)1(4

)1(3)2(1

)1(

u

u 



 ; (25) 

)4(
)1(13

)4(
)2(13

)4(
)1(13)1(4)1(1

)4(
)1(13

)4(
)2(13)2(4

)2(3)3(1

1()1(

uu

uuu 





, (26) 

insert it in (23) and (24), and substitute the values 

(22), (23) and (24) in (21), we obtain the 

expression for determining the efficiency of the 

three-stage differential gear in the device for speed 

change by the carrier when the driving sun gear, 

and the driven ring gear: 
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For a quantitative analysis of the efficiency 

change, expression (27) has been programmed on 

computer for such parameters:  

ou

t 

 out 
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- the angular velocity of the driving link - the 

sun gear srad /300;150;100;75)1(1  ; 

- the gear ratios of the stages with stopped 

carrier are equal and change in a range 

10...0,1
)4(

)3(13
)4(

)2(13
)4(

)1(13  uuu ;  

- angular speed of control links – carriers are 

srad /50...0)3(4)2(4)1(4     ; 

- efficiency of gears with stopped carrier 

97,0
)4(

)3(13
)4(

)2(13
)4(

)1(13   .  

For these data, graphical dependences of the 

efficiency have been built, some of them are shown 

in Fig. 9. 

 
Fig. 9. The graphs of the efficiency change in a 

three-stage differential gear with the driving sun 

gear and the driven ring gear of the third stage, 

depending on the ratio and speed of the control 

link - the carrier 

 

When the driving link is a first-stage ring gear 

3(1), and the driven link is a third-stage sun gear 1(2), 

the three-stage differential gear will take the form 

as in Fig. 10. 

 

 
 

Fig. 10. Scheme of a three-stage differential gear 

with closed circuit hydrosystems with speed 

control by the carriers and driving ring gear 

 

The expression of efficiency 
31  of such 

transmission will be: 

)3(31)2(31)1(3131     (28) 
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If we assume that 
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)2(13)2(4)2(1)3(3 ])1([)1( uuuu   , (33) 

I 

nsert it in (30) and (31), and substitute the values 

(39), (30) and (31) in (28), we obtain the 

expression for determining the efficiency of the 

three-stage differential gear in the device for speed 

change by the carrier when the driving ring gear, 

and the driven sun gear 
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  (34) 

 

For greater clarity of the nature of efficiency 

change in the of the three-stage differential gear 

from the ring gear to the sun gear, the expression 

(34) has been programmed, and if we give the 

initial data analogical to the previous case, we 

obtain: 

 
Fig. 11. The graphs of the efficiency change in 

a three-stage differential gear with the driving 

ring gear and the driven sun gear of the second 

stage, depending on the ratio and speed of the 

control link - the carrier 

 

4, DISCUSSION OF RESULTS 

 

The analytical expressions (15), (20), (27) and 

(34) have been obtained for determining the PE of 

the two- and three-stage gear differential 

transmissions of devices for controlling the change 

of speed through a carrier. With these expressions, 

it is possible to more accurately determine the PE 

of gear differentials with known angular velocity 

of the driving link, the angular velocity of the 

control link and the gear ratio. The obtained 

expressions for PE, with some minor 

transformations, can be applied in the case of any 

number of stages of the type of gear differentials 

under consideration. The calculation of PE for gear 

differentials with greater number of stages with the 

use of the developed effective method can be 

simplified by the use of computer technology. In 

this paper, graphic dependences for the PE of gear 

differentials, shown in fig. 4, 7, 9 and 11, have 

been obtained by computer simulation. On the 

basis of these dependencies the possibility and 

expediency of application of such gear 

differentials in the machinery has been proved. 

Using this technique, you can determine the PE of 

gear transmissions with more than three stages and 

from the point of view of energy consumption and 

self-braking draw conclusions about their 

application in technology. It has been proved that 

the results of computer modeling are convenient to 
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use, but for particular numerical parameters of 

multi-stage gear differentials should be known: 

angular velocity of a driving link, angular velocity 

of control link and gear ratios. Theoretical 

researches are the basis for further power 

calculations and experimental research of gear 

differential transmissions of speed change devices 

for the case when the driving link is the first-stage 

sun gear, and the driven link is the ring gear of the 

last stage or vice versa, while the control links are 

the carriers. 

  

5. CONCLUSIONS 

 

1. For the multistep differential gear of the speed 

change device with the driving sun gear and the 

driven ring gear, or vice versa, analytical 

dependencies are obtained to determine the 

efficiency. They are of practical importance for 

the development and design of such devices 

with an assessment of their energy 

effectiveness.  

2. The resulting graphical dependences for the 

efficiency of two- and three-step differential 

gears allow us to follow the change in the 

efficiency value depending on the angular 

velocity of the control link - the carrier, the gear 

ratio and the number of stages. This allows us to 

assess the perfection of multi-stage differential 

gears in terms of energy costs and possible self-

braking.  

3. With an increase in the number of steps of the 

differential gear, the efficiency decreases, which 

confirms the correctness of the obtained 

analytical regularities. 
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